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Abstract
A bipartite graph G=(A; B) is said to have positive surplus (as viewed from A) if the number
of neighbors of X is bigger than the size of X for any non-empty subset X of A. In this paper,
two lower bounds on the number of maximum matchings in bipartite graphs with positive surplus
are obtained. The enumeration problems for maximum matchings in special bipartite graphs are
solved. From this, the number of perfect matchings of some elementary bipartite graphs is given.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction and preliminaries
The 6nite, undirected and simple graphs are considered only. Let G be a graph with
the vertex set V (G) and the edge set E(G). For X ⊆ V (G), the neighbor set of X in
G, denoted by NG(X ), is the set of all vertices adjacent to vertices in X . The degree
of a vertex u∈V (G) is denoted by dG(u). The minimum degree of G is denoted by
(G).
The maximum matching problem of a graph plays an important role in graph theory
and combinatorial optimization since it has a wide range of applications. In the chemical
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context, the number of perfect matchings is referred to as KekulCe structure count [2–4].
But the enumeration problem for perfect matchings in general graphs (even in bipartite
graphs) is NP-hard [6]. In this paper, we study the number of maximum matchings in
bipartite graphs with positive surplus. The reasons to be interested in bipartite graphs
with positive surplus are following.
When G has a perfect matching, we say that an edge of G is forbidden if it does
not belong to any perfect matching of G and allowed otherwise. We say that G is
elementary if its allowed edges form a connected subgraph. Denote a bipartite graph
G with vertex bipartition (A; B) by G = (A; B). Then G = (A; B) is elementary if and
only if G is connected and all edges are allowed [6]. For any bipartite graph G with a
perfect matching, deleting all forbidden edges, every component of the resulting graph
is elementary, and can be found by an eHcient algorithm [6]. So we need only to
consider elementary bipartite graphs when we study the number of perfect matchings
in bipartite graphs. G = (A; B) is said to have positive surplus (as viewed from A) if
|NG(X )|¿ |X | for all ∅ = X ⊆ A.
Theorem 1 (LovCasz and Plummer [6]). Let G = (A; B) be a bipartite graph with a
perfect matching. Then G is elementary if and only if |NG(X )|¿ |X | for all ∅ =
X ⊂ A.
It follows that a bipartite graph G is elementary if and only if G − v has positive
surplus for any vertex v of G. From this, a perfect matching of an elementary bipartite
graph G is related to a maximum matching of a bipartite graph with positive surplus.
In particular, if there exists a vertex u with degree |V (G)|=2 of an elementary bipartite
graph G, then the number of perfect matchings of G is equal to the number of maximum
matchings of G − u.
In this paper, we seek good lower bounds on the number of maximum matchings in
bipartite graphs with positive surplus, and seek special classes for which the problem
can be solved exactly. From this, we obtain the number of perfect matchings in some
elementary bipartite graphs.
For convenience, we give some de6nitions and results as follows (see [1,6] for
details).
Let G be a graph. M ⊆ E(G) is a matching of G if every vertex of G is incident
with at most one member of M . A matching M of G is a maximum matching if
there exists no matching M ′ such that |M ′|¿ |M |. A matching M of G is a perfect
matching if it meets all vertices. We call the number of vertices missed by a maximum
matching of a graph G the de9ciency of G, denoted by def (G).
Proposition 2. Let G = (A; B) be a bipartite graph with positive surplus (as viewed
from A). Then def (G) = |B| − |A|, there exists a maximum matching missing v for
any vertex v∈B and every edge of G belongs to some maximum matching.
Proof. Since G has positive surplus (as viewed from A), |NG(X )|¿ |X | for all ∅ =
X ⊆ A. By the well-known Hall’s Theorem, every maximum matching of G meets all
vertices in A. It follows that def (G)= |B|− |A|. Let v∈B. Since |NG(X )|¿ |X | for all
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∅ = X ⊆ A, |NG−v(X )|¿ |X | for all ∅ = X ⊆ A. By Hall’s Theorem, every maximum
matching of G − v meets all vertices in A. It follows that a maximum matching of
G − v is also one of G. Thus there exists a maximum matching of G missing v. Let
uv∈E(G), where u∈A and v∈B. Let M be a maximum matching of G missing v.
Since M meets u, we can assume that uv1 ∈M . Let M1 =M − uv1 + uv. Then M1 is
a maximum matching of G containing uv.
Proposition 3 (LovCasz and Plummer [6]). A bipartite graph G = (A; B) has positive
surplus (as viewed from A) if and only if it contains a spanning forest F such that
every vertex in A has degree 2 in F .
Proposition 4 (Liu et al. [5]). Let G = (A; B) be a connected bipartite graph with
positive surplus (as viewed from A). If dG(u) = 2 for any u∈A, then G is a tree,
def (G) = 1 and G has exactly |A|+ 1 maximum matchings.
Proposition 5 (LovCasz and Plummer [6]). Let G= (A; B) be a bipartite graph with a
unique perfect matching. Then there exist two vertices of degree 1 with one in A and
another in B.
Proposition 6. Let G be a graph with no isolated vertices. Then G has at least
def (G) + 1 maximum matchings.
Proof. Let M be a maximum matching of G. Then M misses exactly def (G) vertices.
For every vertex v missed by M , M meets all vertices adjacent to v since M is
a maximum matching. Since G has no isolated vertices, dG(v)¿ 1. Then we can
choose a vertex u adjacent to v. Since M meets u, we may assume that uv1 ∈M . Let
M1=M+uv−uv1. Then M1 is a maximum matching of G. Thus we can 6nd def (G)+1
maximum matchings of G. The proof is completed.
Proposition 7. Let G=(A; B) be a connected bipartite graph with positive surplus (as
viewed from A). Then G has at least |A|+ 1 maximum matchings.
Proof. By Proposition 3, there exists a spanning forest F such that every vertex in A
has degree 2 in F . It suHces to prove that F has at least |A|+1 maximum matchings.
By Proposition 4, every component of F , say Hi = (Ai; Bi), has |Ai| + 1 maximum
matchings, where Ai ⊆ A. Then we can 6nd (|Ai| + 1) maximum matchings of G
where the product is taken over all components of F . Since (|Ai|+ 1)¿ |A|+ 1, G
has at least |A|+ 1 maximum matchings. The proof is completed.
2. Main results
We 6rst give two lower bounds on the number of maximum matchings of bipartite
graphs with positive surplus.
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Theorem 8. Let G=(A; B) be a connected bipartite graph with positive surplus (as
viewed from A). ThenG has at least |E(G)|+(|A|−1)∗(def (G)−2)maximummatchings.
Proof. By Proposition 3, there exists a spanning forest F of G such that dF(u)=2 for
each vertex u∈A. By Proposition 4, every component of F has the de6ciency 1. By
Proposition 2, def (F) = def (G) as F has positive surplus (as viewed from A). Then
F has def (G) components. Since G is connected, we can choose def (G) − 1 edges
in E(G) − E(F) and add them to F such that the resulting graph, say H , is a tree.
Then H has positive surplus by Proposition 3 and def (H) = def (G). By the de6nition
of positive surplus, H + e has positive surplus for each edge e∈E(G)− E(H). Then
H + e has a maximum matching containing e by Proposition 2. It is easy to see that
a maximum matching of H + e and H , respectively, is also one of G. Thus it suHces
to prove that H has at least |E(H)| + (|A| − 1) ∗ (def (H) − 2) maximum matchings
since def (H)=def (G). We do this by induction on def (H)+ |A|. Since H has positive
surplus, def (H)¿ 1. When def (H) = 1, def (G) = 1. Then F is a tree. Thus H = F
and every vertex in A has degree 2 in H . By Proposition 7, H has at least |A| + 1
maximum matchings. Since |A| + 1 = |E(H)| + (|A| − 1)(def (G) − 2), H has at least
|E(H)|+ (|A| − 1) ∗ (def (H)− 2) maximum matchings. When |A|= 1, the theorem is
trivial. Suppose that def (G)¿ 2 and |A|¿ 2. Since H is a tree, we may assume that
v∈B, dH (v) = 1 and uv∈E(H). We distinguish the following cases.
Case 1: dH (u)¿ 3.
Then def (H − v) = def (H) − 1, H − v is connected and has positive surplus (as
viewed from A) since H is a tree. By the induction hypothesis, H − v has at least
|E(H − v)| + (|A| − 1) ∗ (def (H − v) − 2) maximum matchings. Then H has at least
|E(H−v)|+(|A|−1)∗(def (H−v)−2) maximum matchings missing v. Since dG(v)=1,
H − u− v has positive surplus. By Proposition 7, H − u− v has at least |A| maximum
matchings. Thus H has at least |A| maximum matchings containing uv. Since
|E(H − v)|+ (|A| − 1) ∗ (def (H − v)− 2) + |A|
=|E(H)|+ (|A| − 1) ∗ (def (H)− 2);
we 6nd at least |E(H)|+ (|A| − 1) ∗ (def (H)− 2) maximum matchings of H .
Case 2: dH (u) = 2.
It is easy to check that def (H − u − v) = def (H), H − u − v is connected and has
positive surplus. By the induction hypothesis, there exists at least
|E(H − u− v)|+ (|A− u| − 1) ∗ (def (H − u− v)− 2)
maximum matchings of H containing uv. By Proposition 6, H − v has at least
def (H − v)+ 1=def (H) maximum matchings. Then H has at least def (H) maximum
matchings missing v. Since
|E(H − u− v)|+ (|A− u| − 1) ∗ (def (H)− 2) + def (H)
=|E(H)|+ (|A| − 1) ∗ (def (H)− 2);
H has at least |E(H)|+ (|A| − 1) ∗ (def (H)− 2) maximum matchings.
The proof is completed.
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Theorem 9. Let G=(A; B) be a bipartite graph with positive surplus (as viewed from
A) satisfying that def (G)=1 and (G)¿ 2. Then G contains at least 2|E(G)| − 2|B|
maximum matchings.
Proof. Clearly, |E(G)|¿ 2|B|. We proceed by induction on |E(G)|. When |E(G)| =
2|B|, every vertex in B has degree 2. Then for every vertex v∈B, every vertex of
B− v has degree 2 in G − v. Since G has positive surplus and def (G) = 1, G − v has
a perfect matching. Hence for any vertex v∈B, G− v has at least 2 perfect matchings
by Proposition 5. Thus G has at least 2|B| = 2|E(G)| − 2|B| maximum matchings, so
the theorem holds in this case. Suppose now that |E(G)|= k ¿ 2|B|. Then there exists
a vertex v0 ∈B with degree at least 3. We can assume that u0v0 ∈E(G). Then u0 ∈A.
We distinguish the following cases.
Case 1: G − u0v0 has positive surplus.
Then by the induction hypothesis, there exist at least 2|E(G−u0v0)|−2|B| maximum
matchings of G−u0v0. Hence we 6nd at least 2|E(G−u0v0)|−2|B| maximum matchings
of G not containing u0v0. By Proposition 2, def (G−u0−v0)=def (G)=1. By Proposition
6, G− u0− v0 has at least def (G− u0− v0)+1=2 maximum matchings. Hence G has
at least 2 maximum matchings containing u0v0. Thus G contains at least 2|E(G)|−2|B|
maximum matchings.
Case 2: G − u0v0 does not have positive surplus.
Then there exists a subset X of A such that |NG−u0v0 (X )|6 |X |. Since G has positive
surplus, |NG−u0v0 (X )|= |X |. Among all such sets X , choose one, named A1, such that
its cardinality is maximum. Let B1 =NG−u0v0 (A1), A2 = A− A1 and B2 = B− B1. Then
|B1| = |A1| and u0 ∈A1. Hence v0 ∈B2. Since G has positive surplus, the subgraph
G1 of G induced by A1 ∪ B1 ∪ {v0} and the subgraph G2 of G induced by A2 ∪ B2
have positive surplus (as viewed from A1 and A2, respectively) and have de6ciency 1,
respectively. By Proposition 3, there exists a spanning tree T of G1 such that every
vertex in A1 has degree 2 in T . It is easy to show that u0v0 ∈E(T ) and dT (v0) = 1.
Let E1 = E(G1)− E(T ) and
E2 = {e∈E(G) | e is incident with a vertex in A2 and one in B1:}:
Let G′ = G − E1 − E2. Then
|E(G′)|= |E(G2)|+ 2|A1|: (1)
It is easy to check that G′ has positive surplus. Let M be a perfect matching of T −v0.
Since dG2 (y)=dG(y)¿ 2 for any vertex y∈B2−v0 and dG2 (v0)¿ 2, by the induction
hypothesis, there exists at least 2|E(G2)| − 2|B2| maximum matchings of G2. Then we
can 6nd at least 2|E(G2)| − 2|B2| maximum matchings of G′ not containing u0v0 by
replacing every maximum matching M ′ of G2 with M ∪M ′. Since dG2 (x)¿ 2 for any
vertex x∈B2, G2 − v0 has at least 2 perfect matchings by Propositions 2 and 5. Then
for any vertex x∈B1, G′ has at least 2 maximum matchings missing x: take the union
of every perfect matching of G2− v0 and a maximum matching of T missing x. These
maximum matchings of G′ contain u0v0. Then G′ has at least 2|E(G2)| − 2|B2|+2|B1|
maximum matchings. Thus G′ has at least 2|E(G′)| − 2|B| maximum matchings (due
to (1) and |A1| = |B1|). Finally, by a similar arguments as in Case 1, we can 6nd
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2|E1 ∪ E2| maximum matchings of G diMerent from all maximum matchings formed
as above. Thus G has at least 2|E(G)| − 2|B| maximum matchings. The proof is
completed.
Next, we give the exact number of maximum matchings in special bipartite graphs.
According to Theorem 8, if G = (A; B) has positive surplus (as viewed from A)
and de6ciency 1, then G has at least |E(G)| − |A|+ 1 maximum matchings. We now
characterize the bipartite graph with exactly |E(G)| − |A|+ 1 maximum matchings.
Theorem 10. Let G = (A; B) be a bipartite graph with positive surplus (as viewed
from A) and de9ciency 1. Then G has exactly |E(G)| − |A|+ 1 maximum matchings
if and only if there exists a vertex in NG(u) with degree 1 for any vertex u in A with
degree at least 3.
Proof. By Proposition 3, there is a spanning tree T of G such that dT (u) = 2 for any
vertex u∈A.
⇐ Suppose that there exists a vertex in NG(u) with degree 1 for any vertex u in A
with degree at least 3. Without loss of generality, suppose that |A|¿ 2.
Claim 1. For any maximum matching M of G, M contains at most one edge in
E(G)− E(T ).
Proof of Claim 1. To the contrary, assume that there exist a maximum matching M of
G and two edges e1=u1v1 and e2=u2v2 such that u1; u2 ∈A, v1; v2 ∈B and e1; e2 ∈M ∩
(E(G)−E(T )). Then dG(u1)¿ 3, dG(u2)¿ 3, dG(v1)¿ 2 and dG(v2)¿ 2. Hence there
exist two vertices in B with degree 1 adjacent to u1 and u2, respectively. It follows
that M misses these two vertices with degree 1, which contradicts with def (G) = 1.
Claim 2. For any edge e∈E(G) − E(T ), G has a unique maximum matching con-
taining e.
Proof of Claim 2. To the contrary, assume that there exist an edge e=uv∈E(G)−E(T )
and two maximum matchings M1 and M2 such that e∈M1∩M2. Since e=uv∈E(G)−
E(T ), dG(u)¿ 3 and dG(v)¿ 2, where u∈A and v∈B. Hence there exists a vertex
w∈B such that dG(w) = 1 and uw∈E(G). it follows that M1 and M2 miss w. Since
def (G)=1, M1 and M2 are two perfect matchings of G−w. By Claim 1, M1−E(T )=
M2 − E(T ) = {e}. Then M1 − e and M2 − e are two distinct perfect matchings of
T − u− v− w, which contradicts with that T − u− v− w is a tree.
By Proposition 4, T has exactly |A| + 1 maximum matchings. By Claims 1 and 2,
G has exactly
|A|+ 1 + |E(G)− E(T )|= |E(G)| − |A|+ 1
maximum matchings.
⇒ Suppose that G has exactly |E(G)|−|A|+1 maximum matchings. To the contrary,
assume that there exists a vertex u∈A such that dG(u)¿ 3, and for every vertex
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v∈NG(u), dG(v)¿ 2. Since dT (u)=2, we can choose an edge in E(G)−E(T ) incident
with u, say uv. Then G−uv has also positive surplus (as viewed from A) by Proposition
3. Clearly, def (G − uv) = def (G), def (G − u − v) = def (G) and G − u − v has no
isolated vertices. By Proposition 4, G − uv has positive surplus (as viewed from A).
Then G − uv has at least |E(G − uv)| − |A| + 1 maximum matchings by Theorem 8
and G − u− v has at least def (G − u− v) + 1 maximum matchings by Proposition 6.
Thus we 6nd at least |E(G − uv)| − |A|+ 1 maximum matchings of G not containing
uv and at least def (G − u− v) + 1 maximum matchings containing uv. But
|E(G − uv)| − |A|+ 1 + def (G − u− v) + 1 = |E(G)| − |A|+ 2;
which contradicts with that G has exactly |E(G)| − |A|+ 1 maximum matchings. The
proof is completed.
According to Theorem 9, if G=(A; B) has positive surplus (as viewed from A) and
de6ciency 1, and dG(v) = 2 for any v∈B, then G has at least 2|E(G)| − 2|B| = 2|B|
maximum matchings. We now give the exact the number of maximum matchings for
this graph.
Theorem 11. Let G=(A; B) be a bipartite graph with positive surplus (as viewed from
A), de9ciency 1 and dG(v)= 2 for each vertex v in B. Then G has exactly 2|B|+2m
maximum matchings, where m is the number of cut vertices in B.
Proof. Since G has positive surplus and |B| = |A| + 1, G is connected and every
maximum matching of G misses exactly one vertex which must be in B. Then it
suHces to prove that G − v has 2 perfect matchings for every non-cut vertex v∈B
and G − v has 4 perfect matchings for every cut vertex v∈B. Suppose that v∈B and
v is not cut vertex. Then G − v is connected and |E(G − v)|= 2|B− v|= |V (G − v)|.
Hence G − v contains a unique cycle. Thus G − v has at most 2 perfect matchings.
Since G has positive surplus and every vertex in B− v has degree 2 in G − v, G − v
has at least 2 perfect matchings by Proposition 5. Hence G − v has exactly 2 perfect
matchings. Suppose that v∈B is a cut vertex. Since dG(v) = 2, G − v has precisely 2
components G1 and G2. By similar arguments as the above, G1 and G2 have precisely
2 perfect matchings, respectively. Then G − v has exactly 4 perfect matchings. Thus
G has exactly 2|B|+ 2m maximum matchings. The proof is completed.
Finally, we present some results about the number of perfect matchings in special
elementary bipartite graphs without proofs because these results can be proved easily.
Corollary 12. Let G=(A; B) be an elementary bipartite graph. If there exists a vertex
u∈A with dG(u)= |B| and each of vertices in A−u with degree at least 3 is adjacent
to a vertex in B with degree 2, then G has exactly |E(G)| − |V (G)| + 2 perfect
matchings.
Corollary 13. Let G = (A; B) be an elementary bipartite graph. If there exists a
vertex u∈A with dG(u)= |B| and dG(v)=3 for each vertex v∈B, then G has exactly
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|E(G)| − (|V (G)|=2) + 2m perfect matchings, where m is the number of cut vertices
in B of G − u.
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